Let K be a nonempty closed convex subset of a Banach space E and T : K → K be a nonexpansive mapping. Using a viscosity approximation method, we study the implicit midpoint rule of a nonexpansive mapping T . We establish a strong convergence theorem for an iterative algorithm in the framework of uniformly smooth Banach spaces and apply our result to obtain the solutions of an accretive mapping and a variational inequality problem. The numerical example which compares the rates of convergence shows that the iterative algorithm is the most efficient. Our result is unique and the method of proof is of independent interest.
Introduction
Let K be a nonempty closed convex subset of a Hilbert space H and T : K → K be a nonlinear mapping. T is said to be nonexpansive if T x − T y
x − y for all x, y ∈ K. A point x ∈ K is said to be a fixed point of T if T x = x. We shall denote the set of fixed points of T by F(T ). T is called a c-contraction if there exists c ∈ (0, 1) such that ||T (x) − T (y)|| c||x − y|| for all x, y ∈ K.
We shall denote the collection of all contractions on K by Π K . The nearest point projection P K : H → K from H onto K is defined by P K x := arg min y∈K x − y 2 , x ∈ H.
Let D be a subset of K and let S be a mapping from K to D. Then S is said to be sunny if S(Sx + t(x − Sx)) = Sx whenever Sx + t(x − Sx) ∈ K for x ∈ K and t 0. A mapping S from K into itself is said to be a retraction if S 2 = S. A set D is said to be a sunny nonexpansive retract of K if there exists a sunny nonexpansive retraction from K into D ( [8, 24] ). It is well known that if E is a smooth Banach space and K is a nonempty closed convex subset of E, then there exists at most one sunny nonexpansive retraction S from E onto K. In 1967, Halpern [9] considered the iterative sequence for a nonexpansive mapping T in a Hilbert space. He showed that the conditions (A 1 ) lim n→∞ λ n = 0 and (A 2 ) ∞ n=1 λ n = ∞ are essential for the convergence to a fixed point of T of the sequence {x n } defined by x 1 ∈ K, x n+1 = λ n u + (1 − λ n )T x n , n ∈ N, (1.1) where u ∈ K is a given point and λ n ∈ [0, 1]. Halpern [9] iteration attracted the attention of many researchers. In 1977, Lions [4] improved on the result of Halpern and showed that for {λ n } satisfying the conditions (A 1 ), (A 2 ), and (A 3 ): lim n→∞ |λ n − λ n−1 |/λ 2 n = 0, {x n } converges strongly to a fixed point of T in a Hilbert space. In 1992, still in Hilbert space and for {λ n } satisfying the conditions (A 1 ), (A 2 ), and (A 4 ): ∞ n=1 |λ n − λ n−1 | < +∞, Wittmann [13] proved a strong convergence theorem for the sequence (1.1) to a fixed point of T . By considering various conditions either on {λ n } or on the space, there are also several theorems for the strong convergence of Halpern's iteration to a fixed point of T in Banach spaces (see, e.g., [4, 13, [19] [20] [21] 23] ). Modification of Halpern [9] type iteration have also been studied by many authors. In 2000, Moudafi [16] introduced the concept of viscosity approximation method for selecting a particular fixed point of a given nonexpansive mapping. He considered an explicit viscosity method for nonexpansive mappings and defined the iterative sequence {x n } by x n+1 = λ n Q(x n ) + (1 − λ n )T x n , n ∈ N, (1.2) where Q is a contraction on K and the nonexpansive mapping T : K → K is also defined on K, which is a nonempty closed convex subset of a real Hilbert space H. He showed that the sequence {x n } defined by (1.2) converges strongly to a fixed point of T with the conditions that (A 1 ), (A 2 ), and (A 5 ): lim n→∞ |λ n − λ n−1 |/λ n λ n−1 = 0 are satisfied. One of the essential numerical methods for solving ordinary differential and differential algebraic equations is the implicit midpoint rule ( [5, 6, 10, 22] ). In 2014, Alghamdi et al. [3] presented a semi-implicit midpoint iteration for nonexpansive mappings in a Hilbert space. They proved a weak convergence theorem for the sequence {x n } defined by
where λ n ∈ (0, 1) certifies certain conditions. Furthermore, in 2015, Xu et al. [29] used regularized semi-implicit midpoint by the contraction Q and defined the viscosity implicit midpoint sequence for a nonexpansive mapping T on K by
where λ n ∈ (0, 1). Precisely, they proved the following strong convergence theorem.
Theorem 1.1 ([29] ). Let K be a nonempty closed convex subset of a Hilbert space H and T : K → K be a nonexpansive mapping such that F(T ) = ∅. Suppose Q : K → K is a contraction with coefficient λ ∈ [0, 1) and assume that the sequence {λ n } satisfies the conditions (A 1 ), (A 2 ), and either (A 4 ) or lim n→∞ λ n λ n−1 = 1. Then the sequence {x n } generated by (1.4) converges in norm to a fixed point p of T , which is also the unique solution of the variational inequality
That is, p is the unique fixed point of the contraction P F(T ) Q, in other words, P F(T ) Q(p) = p.
Still in a Hilbert space, in 2015, Yao et al. [30] introduced the iterative sequence
x n+1 = λ n Q(x n ) + β n x n + γ n T x n + x n+1 2 , n ∈ N, (1.5) where T and Q are as defined in Theorem 1.1 and λ n + β n + γ n = 1 ∀ n ∈ N. They imposed suitable conditions on the parameters and obtained that the sequence {x n } generated by (1.5) converges strongly to p = P F(T ) Q(p). In 2017, Luo et al. [15] extends the result of Xu et al. [29] to a uniformly smooth Banach space. Few among several other works on modified Halpern-type iteration include Qin et al. [18] , Wang et al. [25] and the references contained in them. Also, some authors studied modified Halperntype sequences for various classes of mappings (see e.g., Aibinu and Mewomo [1, 2] , Chidume and Mutangandura [7] , Hu and Wang [11] and Nandal and Chugh [17] ). The following questions are of interest to us. Problem 1.2. Do the main results of Yao et al. [30] which are in Hilbert spaces also hold in general Banach spaces?
Comparing the three implicit iterative schemes that we have mentioned, which one has the highest rate of convergence?
The purpose of this paper is to study the implicit midpoint procedure (1.5) in the framework of Banach spaces for approximating a fixed point of nonexpansive mappings. We prove a strong convergence theorem in a uniformly smooth Banach space for the sequence {x n } defined by (1.5) and illustrate with the numerical example that it is the most efficient among the three algorithms. Moreover, we obtain the results of Xu et al. [29] , Luo et al. [15] , and Yao et al. [30] as corollaries.
Preliminaries
A real Banach space E with norm . is said to be strictly convex if for all x, y ∈ E, x+y exists for each x, y ∈ U(x). It is said to have uniformly Gâteaux differentiable norm if for each y ∈ U(x), the limit is attained uniformly for x ∈ U(x). Furthermore, E is said to be uniformly smooth if it is smooth and the limit is attained uniformly for each x, y ∈ U(x). The normalized duality mapping J :
where E * denotes the dual of E and ., . is the duality pairing between E and E * . Recall that if E * is strictly convex, then J is single-valued. Moreover, for a Banach space E with a uniformly Gâteaux differentiable norm, the normalized duality mapping J is uniformly continuous on bounded subsets of E from the strong topology of E to the weak-star topology of E * . We shall need the following lemmas in the sequel.
Lemma 2.1 ([23]
). Let {u n } and {v n } be bounded sequences in a Banach space E and {β n } be a sequence in [0, 1] with 0 < lim inf n→∞ β n lim sup n→∞ β n < 1. Suppose that u n+1 = (1 − β n )u n + β n v n for all n 0 and lim sup n→∞ ( u n+1 − u n − v n+1 − v n ) 0. Then lim n→∞ u n − v n = 0.
Lemma 2.2 ([27]
). Assume {a n } is a sequence of nonnegative real sequence such that a n+1 = (1 − σ n )a n + σ n δ n , n > 0,
where {σ n } is a sequence in (0, 1) and {δ n } is a real sequence such that
Then, lim n→∞ a n = 0. Lemma 2.3 ([28] ). Let E be a uniformly smooth Banach space, K be a closed convex subset of E, T : K → K be a nonexpansive mapping with F(T ) = ∅, and let Q ∈ Π K . Then the sequence {x t } defined by x t = tQ(x t ) + (1 − t)T x t converges strongly to a point in F(T ). If we define a mapping S : Π K → F(T ) by S(Q) := lim t→0 x t , ∀ Q ∈ Π K , then S(Q) solves the following variational inequality: 
Main results
Let K be a nonempty closed convex subset of a real Banach space E, T : K → K a nonexpansive mapping with F(T ) = ∅ and Q : K → K a c-contraction. Suppose {λ n } ⊂ (0, 1), {β n } ⊂ [0, 1), and {γ n } ⊂ (0, 1) are real sequences satisfying λ n + β n + γ n = 1, ∀ n ∈ N. For arbitrary x 1 ∈ K, we consider the following iterative scheme for the sequence {x n } defined by (1.5).
Remark 3.1. It is known that the sequence {x n } is well defined [30] .
We first give and prove a lemma which is useful in establishing our main result. Lemma 3.2. Let E be a uniformly smooth Banach space and K be a nonempty closed convex subset of E. Let T : K → K be a nonexpansive mapping with F(T ) = ∅ and suppose Q : K → K is a c-contraction. For an arbitrary x 1 ∈ K, define the iterative sequence {x n } by (1.5). Then the sequence {x n } is bounded.
Proof. We show that the sequence {x n } is bounded. For p ∈ F(T ),
We then have that
Therefore,
This implies that the sequence {x n } is bounded and hence T x n +x n+1 2 is also bounded. Obviously, for p ∈ F(T ),
Theorem 3.3. Let E be a uniformly smooth Banach space and K be a nonempty closed convex subset of E. Let T : K → K be a nonexpansive mapping with F(T ) = ∅ and Q : K → K be a c-contraction. Suppose {λ n } satisfies (A 1 ) and (A 2 ), and {β n } satisfies
For an arbitrary x 1 ∈ K, define the iterative sequence {x n } by (1.5). Then as n → ∞, the sequence {x n } converges in norm to a fixed point p of T , where p is the unique solution in F(T ) to the variational inequality:
Proof.
Step 1: Let the iterative process (1.5) be written as below:
, n ∈ N. From condition (A 6 ), we have that 0 < β n β < 1, for some β ∈ R + , where R + denotes the set of positive real numbers. Therefore,
Recall that Q is a c-contraction while {x n } and T ( x n +x n+1 2 ) are bounded sequences. These guarantee that {y n } is bounded.
Step 2: We show that lim n→∞ ||y n − x n || = 0.
We need to first show that lim sup n→∞ (||y n+1 − y n || − ||x n+1 − x n ||) 0. Observe that
We evaluate ||x n+2 − x n+1 ||.
Therefore, we have that
By substituting (3.4) into (3.3), we get
Hence, by Lemma 2.1, we have lim n→∞ ||y n − x n || = 0.
Step 3: We show that ||x n − T x n || → 0 as n → ∞. We observe from (3.1) that
x n+1 − x n = β n x n + (1 − β n )y n − x n = (1 − β n )y n − (1 − β n )x n = (1 − β n )(y n − x n ).
Therefore ||x n+1 − x n || (1 − β n )||y n − x n || → 0 as n → ∞.
(3.5) Also, from (1.5), we obtain that
By (3.2), we obtain that
(3.6)
Step 4: For t ∈ (0, 1) and Q ∈ Π K , define the sequence {x t } by x t = tQ(x t ) + (1 − t)T x t . By Lemma 2.3, x t strongly converges to a fixed point q of T , which is also a solution to the variational inequality
We show that lim sup n→∞ Q(q) − q, j(x n+1 − q) 0. It is generally known that a contraction map is continuous. Therefore, using Lemma 2.4 and since ||x n+1 − x n || → 0 and ||x n − T x n || → 0 as n → 0 (by (3.5) and (3.6), respectively), we get
Step 5: Lastly, we prove that x n → q.
Consequently, we have . Let {x n } be a sequence generated by the following viscosity implicit midpoint rule:
where {λ n } is a sequence in (0, 1) such that it satisfies the satisfies the conditions (A 1 ), (A 2 ), and either (A 4 ) or lim n→∞ λ n λ n−1 = 1. Then {x n } converges strongly to a fixed point p of T , which also solves the variational inequality
Proof. Take β n = 0 in equation (1.5) . Then since λ n + β n + γ n = 1, ∀ n ∈ N, we have that γ n = 1 − λ n . Consequently, equation (1.5) becomes
Hence, the result follows from Theorem 3.3 by taking β n = 0.
Corollary 3.6. The result of Xu et al. [29] is also obtained as a corollary by considering a Hilbert space in Corollary 3.5.
Corollary 3.7 ([30]
). Let K be a nonempty closed convex subset of a real Hilbert space H. Let T : K → K be a nonexpansive mapping with F(T ) = ∅. Suppose Q : K → K be a c-contraction. For given x 0 ∈ K arbitrarily, let the sequence {x n } be generated by the manner
where {λ n } ⊂ (0, 1), {β n } ⊂ [0, 1), and {γ n } ⊂ (0, 1) are three sequences satisfying λ n + β n + γ n = 1 for all n 0. Assume that {λ n } satisfies (A 1 ) and (A 2 ) and {β n } satisfies (A 6 ) 0 < lim inf n→∞ β n lim sup n→∞ β n < 1, and
Then the sequence {x n } generated by (3.9) converges strongly to p = P F(T ) Q(p).
Applications

Accretive mappings
Recall that a nonlinear mapping A :
A is m-accretive if R(I + rA) = E for all r > 0, where I is the identity operator. The set of zeros of A is denoted by A −1 (0), that is A −1 (0) = {z ∈ D(A) : 0 ∈ A(z)} . We denote the resolvent of A by J A r = (I + rA) −1 for each r > 0. It is known that if A is m-accretive then J A r : E → E is nonexpansive and F(J A r ) = A −1 (0) for each r > 0. Consequently, we can deduce the result below from Theorem 3.3. For an arbitrary x 1 ∈ K, define the iterative sequence {x n } by
where {λ n } ⊂ (0, 1), {β n } ⊂ [0, 1), and {γ n } ⊂ (0, 1) are real sequences satisfying λ n + β n + γ n = 1, ∀ n ∈ N. Then as n → ∞, the sequence {x n } converges in norm to p ∈ A −1 (0), where p is the unique solution to the variational inequality:
Variational inequality problems
Let H be a real Hilbert space with inner product ., . and norm . and let K be a nonempty closed convex subset of H. The variational inequality problem is finding x * ∈ K such that
We denote the set of all solutions of the variational inequality (4.1) by VI(C, A). We shall consider the system of general variational inequalities in Banach spaces recently introduced by Katchang and Kumam [14] . Given two operators A 1 , A 2 : K → E, where E is a real Banach space, where K is a nonempty closed convex subset E. The authors considered the problem of finding (x * , y * ) ∈ K × K such that
where α 1 and α 2 are two positive real numbers. Recall that a nonlinear mapping A : K → E is called µ-inverse strongly accretive if there exist j(x − y) ∈ J(x − y) and µ > 0 such that
We need the two Lemmas below to establish our next result.
Lemma 4.2 ([12]
). Let K be a nonempty closed convex subset of a real Banach space E and let α 1 , α 2 > 0 and A 1 , A 2 : K → E be two mappings. Let G : K → K be defined by
where S K is a sunny nonexpansive retraction from E onto K. If I − α 1 A 1 and I − α 2 A 2 are nonexpansive mappings, then G is nonexpansive. 
That is, x * is a fixed point of the mapping G, defined in Lemma 4.2. Thus, we can conclude the result below from Theorem 3.3. For an arbitrary
where {λ n } ⊂ (0, 1), {β n } ⊂ [0, 1), and {γ n } ⊂ (0, 1) are real sequences satisfying λ n + β n + γ n = 1, ∀ n ∈ N. Then as n → ∞, the sequence {x n } converges in norm to a fixed point p of G, where p is the unique solution to the variational inequality:
Remark 4.6. Nonlinear mappings that satisfy Theorem 4.5 are readily available. Let L be the 2-uniformly smooth constant of a 2-uniformly smooth Banach space and A 1 , A 2 : K → E be µ 1 -inverse strongly accretive and µ 2 -inverse strongly accretive, respectively. If 0 < α 1 < µ 1 L 2 and 0 < α 2 < µ 2 L 2 , then I − α 1 A 1 and I − α 2 A 2 are nonexpansive [12] .
Numerical examples
Example 5.1. Let R be the real line with the Euclidean norm. Let Q, T : R → R be maps defined by Q(x) = 1 4 x and T (x) = 2 − x for all x ∈ R, respectively. It is obvious that T is a nonexpansive mapping and F(T ) = {1} . Let {z n } , {y n }, and {x n } be the sequences generated by (1.3), (1.4), and (1.5) respectively. We find that {z n } , {y n }, and {x n } strongly converge to 1 (by [16] , Theorem 1.1 of [29] , and Theorem 3.3, respectively). Take λ n = 2 4n+5 , n ∈ N in (1.3) and (1.4) . Notice that the parameters in (1.5) are arbitrary sequences satisfying the conditions stated in Theorem 3.3. Therefore, the sequence {λ n } in (1.5) is not necessarily the same as the one in (1.3) and (1.4) . Thus, for the iterative scheme defined by (1.5), we choose λ n = 1 4n+5 , β n = n+4 4n+5 and γ n = 3n 4n+5 for all n ∈ N. One can rewrite (1.3), (1.4), and (1.5) respectively as follows
2)
x n+1 = 17 − 2n 2(11n + 10)
x n + 12n 11n + 10 .
Using Matlab 2015a and by taking z 1 = y 1 = x 1 = 0, the results for (5.1), (5.2) , and (5.3) are displayed in Table 1 and Figure 1 . The graphs show that the three algorithms converge to 1 with the iterative algorithm (1.5) having the highest rate of convergence for the viscosity implicit midpoint rule. Therefore, it is the most efficient among the three algorithms.
Remark 5.2. It is worth of mentioning that the efficiency of (1.5) depends on the choice of suitable control parameters.
The next example displays the result where λ n is the same for all the three iterative schemes. Example 5.3. Let Q and T be as defined in Example 5.1. Then for the iterative scheme defined by (1.5), choose λ n = 2 4n+5 , β n = n+1 4n+5 and γ n = 3n+2 4n+5 for all n ∈ N. The equation (5.3) then becomes
x n + 4(3n + 2) 11n + 12 .
The results are presented in Figure 2 and Table 2 with the algorithm (1.4) having the highest rate of convergence.
The next example compares the convergence rate where where λ n is greater for (1.5). x n+1 = 4 − n 2(11n + 10)
The results are presented in Figure 3 and Table 3 with the algorithm (1.4) having the highest rate of convergence. Example 5.5. Let E = R 2 with the usual norm and Q, T : R 2 → R 2 be defined by Q(x) = 1 2 x and T (x) = 0 for all x = (x 1 , x 2 ) ∈ R 2 , respectively. Take λ n = 4 4n+5 , β n = 1 4 − 1 4n+5 , and γ n = 12n+3 4(4n+5) for all n ∈ N. Observe that λ n , β n , and γ n satisfy the conditions of Theorem 3.3 and T is nonexpansive. Indeed, for x, y ∈ R 2 T x − T y = 0 x − y .
Also, it is obvious that F(T ) = {0} . Therefore, {x n } strongly converges to 0. A simple computation shows that (1.5) is equivalent to:
x n+1 = 4n + 9 4(4n + 5)
x n . (5.4) Choosing the initial point for (5.4) to be (1.0, 1.2), Table 4 and Figure 4 show the results from the Matlab 2015a. Conclusion 5.6. We have considered the implicit midpoint rule of nonexpansive mappings, using the viscosity approximation method in the framework of Banach spaces. Our method of proof is of independent interest and our result is an improvement on the existing results in the literature. The numerical examples show the application of our work and the efficiency of the algorithm over the existing ones. Moreover, we obtained the results of Xu et al. [29] , Yao et al. [30] , and Luo et al. [15] as corollaries. It is observed that the iterative scheme (1.5) converges faster than (1.4) with the following two conditions:
(i) the value of λ n in (1.5) is less than the value of λ n in (1.4); (ii) the sum of values of λ n and γ n in (1.5) is greater than the value of λ n in (1.4) .
Open question
Can the implicit midpoint rule be applied to approximate a fixed point of non-affine nonexpansive mappings such as sin x? For instance, taking T (x) = sin x in the implicit midpoint rule, a simplest form of the equation in R which one would obtain is
where y is to be made the subject of the formula in order to get an explicit equation like (5.1), (5.2), or (5.3).
